Abstract. We present numerical solutions of a two-dimensional Riemann problem for the nonlinear wave system which is used to describe the Mach reflection of weak shock waves. Robust low order as well as high resolution finite volume schemes are employed to solve this equation formulated in self-similar variables. These, together with extreme local grid refinement, are used to resolve the solution in the neighborhood of an apparent but mathematically inadmissible shock triple point. Rather than observing three shocks meeting in a single standard triple point, we are able to detect a primary triple point containing an additional wave, a centered expansion fan, together with a sequence of secondary triple points and tiny supersonic patches embedded within the subsonic region directly behind the Mach stem. An expansion fan originates at each triple point. It is our opinion that the structure observed here resolves the von Neumann triple point paradox for the nonlinear wave system. 1. Introduction. Experiments in which a weak shock wave reflects off a thin wedge appear to show a pattern of reflection in which three shocks meet at a triple point. However, the von Neumann theory of shock reflection [11] shows that Mach reflection, in which three shocks and a contact discontinuity meet at a triple point, is impossible for weak shocks. This apparent disagreement between theory and experiment was pointed out by von Neumann in 1943 and is referred to as the von Neumann, or triple point, paradox [8, 13] .
Introduction.
Experiments in which a weak shock wave reflects off a thin wedge appear to show a pattern of reflection in which three shocks meet at a triple point. However, the von Neumann theory of shock reflection [11] shows that Mach reflection, in which three shocks and a contact discontinuity meet at a triple point, is impossible for weak shocks. This apparent disagreement between theory and experiment was pointed out by von Neumann in 1943 and is referred to as the von Neumann, or triple point, paradox [8, 13] .
In [13] numerical solutions were obtained of a problem for the unsteady transonic small disturbance equations that describes the reflection of weak shocks off thin wedges. The solutions were obtained in a parameter range where regular reflection is impossible, and contain a sequence of triple points in a tiny region behind the leading triple point, with a centered expansion fan originating at each triple point. It was shown that the triple points with expansion fans observed numerically are in fact consistent with theory, and that the presence of the expansion fans at the triple points resolves the paradox. A solution containing a supersonic patch and an expansion fan was first proposed by Guderley [5, 6] . Although Guderley did not offer evidence that this is what really occurs nor suggest that there is actually a sequence of expansion fans and triple points to resolve the triple point paradox, the term Guderley Mach reflection was chosen in [14] to name this new reflection pattern.
The nonlinear wave system is a simplification of the isentropic Euler equations obtained by dropping the momentum transport terms from the momentum equations [4] . Compared to the unsteady transonic small disturbance equations, the nonlinear wave system is closer in structure to the Euler equations: it is linearly well-posed in space and time, it has a characteristic structure similar to the Euler equations, and change of type takes the equations from a hyperbolic to a mixed-type system. These features make the nonlinear wave system a useful prototype for studying twodimensional Riemann problems for the full Euler equations.
A problem for the nonlinear wave system that is the analogue of the reflection of weak shocks off thin wedges was studied in [3] . In a parameter range where regular reflection is not possible, the authors showed existence of the subsonic solution behind the Mach shock and reflected wave by solving a free boundary problem for the Mach shock. They did not find the actual reflected shock, but instead based their solution on modeling it as a continuous function with a singularity in the derivative at the sonic boundary. They showed that the composite solution they obtained is not a weak solution near the sonic line. The actual solution, therefore, is different from the construction they present, and they suggest two alternatives. Since triple point solutions do not exist for the nonlinear wave system, one possibility is that the reflected shock is a weak shock that has zero strength at the reflection point. Another possibility is Guderley Mach reflection, as obtained in [13] .
Several numerical solutions of the weak shock reflection problem for the nonlinear wave system have been computed. In separate work, R. Sanders, A. Kurganov, and M. Lukacova-Medvidova (all unpublished; see [9] ) computed numerical solutions of the problem studied in [3] over a wide range of parameter space where regular reflection is impossible. None of these solutions, however, are sufficiently well resolved to determine the nature of the solution near the apparent triple point. For example, it cannot be determined from any of these solutions whether the reflected shock has zero strength at the triple point, or if some other reflection pattern, such as Guderley Mach reflection, occurs. In fact, in the best resolved of these solutions, three shocks do appear to meet at a triple point-the triple point paradox.
In this paper we present high resolution numerical solutions of the shock reflection problem for the nonlinear wave system. Our most highly resolved solution shows that Guderley Mach reflection occurs at a set of parameter values where regular reflection is impossible: there is a sequence of supersonic patches behind the leading triple point, formed by a sequence of expansion fans and shocks that reflect between the sonic line and the Mach shock. This numerical solution is remarkably similar to those obtained for the unsteady transonic small disturbance equations in [13] , and as in [13] the numerical results suggest that the sequence of triple points in an inviscid weak shock Mach reflection may be infinite.
Recent experimental evidence appears to confirm that the resolution of the triple point paradox obtained in [13] and again in the present paper is correct. Skews and Ashworth in [12] obtained schlieren photographs of shock reflection experiments which show a sequence of shocks and expansion waves behind the triple point in a weak shock Mach reflection. The supersonic region is extremely small, as discussed in [13] , which is why it had never been observed before. Skews and Ashworth overcame this difficulty by using a specially designed shock tube and flow visualization enhancement techniques.
The numerical solutions of Sanders, Kurganov, and Lukacova-Medvidova were obtained by solving an initial-value problem for the unsteady nonlinear wave system. The problem of inviscid shock reflection off a wedge is self-similar, and there are advantages to solving the problem in self-similar, rather than unsteady, variables. In the unsteady formulation any waves which are present initially move through the numerical domain, making local grid refinement strategies difficult. By contrast, a solution of the self-similar equations is stationary, and local grid refinement near the triple point is much easier to implement. Moreover, in self-similar variables a global grid continuation procedure can be used in which a partially converged solution on a coarse grid is interpolated onto a fine grid, and then driven to convergence on the fine grid. In this paper we present numerical solutions of the shock reflection problem for the nonlinear wave system computed in self-similar coordinates. Procedures for solving the unsteady transonic small disturbance equations in self-similar variables were developed in [13] , and are extended here to apply to the nonlinear wave system. This paper is organized as follows. In section 2 we describe the shock reflection problem for the nonlinear wave system. In section 3 we discuss our approach to solving this problem numerically. The numerical results obtained are presented in section 4. In section 5 we discuss questions raised by our results. Finally, we summarize our findings in section 6.
2. The shock reflection problem for the nonlinear wave system. We consider a problem for the nonlinear wave system that is analogous to the reflection of weak shocks off thin wedges [3] . The shock reflection problem consists of the nonlinear wave system
in the half space x > 0 with piecewise constant Riemann data consisting of two states separated by a discontinuity located at x = κy. Here, ρ(x, y, t) is the density, u(x, y, t) and v(x, y, t) are the x and y components of velocity, respectively, and p(ρ) is the pressure. For convenience, we assume a polytropic gas law
where C is a constant and γ is the ratio of specific heats. Letting U = (ρ, m, n) denote the vector of conserved variables, where m = ρu and n = ρv, the Riemann data are
We choose ρ 0 > ρ 1 to obtain an upward moving shock in the far field, and determine n 0 so that the one-dimensional wave between U 0 and U 1 at angle κ consists of a shock and a contact discontinuity with a constant middle state between them. The following expression for n 0 was obtained in [3] :
Strictly speaking, data for reflection from a wedge of angle θ radians would explicitly include the wedge as a discontinuous change of slope, of angle θ, in the boundary at the point (0, 0). In replacing a domain that imitates the physics by a half-plane (x > 0), we are assuming that the reflection pattern near the apparent triple point is a local phenomenon. The physical wedge angle θ in this model is related to κ in (2.2), (2.3) by
This problem depends on two parameters: the inverse slope κ of the incident shock, and the incident shock strength ρ 0 /ρ 1 (see Appendix A). For values of κ greater than a critical value κ R which depends on ρ 0 and ρ 1 , a regularly reflected solution of (2.1)-(2.3) is impossible. In addition, triple point solutions of (2.1), in which three plane shocks separated by constant states meet at a point, do not exist (see Appendix B for a proof of this). We note that a self-similar solution in which three shocks and a linear wave meet at a point can be constructed. However, this is not consistent with the initial data, since (2.1) implies (m y − n x ) t = 0, even for weak solutions, and slip lines are characterized by nonzero values of m y − n x . Therefore, Mach reflection cannot occur when regular reflection becomes impossible, and the shock reflection problem for the nonlinear wave system embodies the triple point paradox in an essential form.
The problem (2.1)-(2.3) is self-similar, so the solution depends only on the similarity variables
We write (2.1) in the form (2.5)
where
Writing (2.5) in terms of ξ, η, and a pseudo-time variable τ = log t, we obtain
As τ → +∞, solutions of (2.6) converge to a pseudosteady, self-similar solution that satisfies
Equation (2.7) is hyperbolic when c 2 (ρ) < ξ 2 +η 2 , corresponding to supersonic flow in a self-similar coordinate frame, and of mixed type when c 2 (ρ) > ξ 2 +η 2 , corresponding to subsonic flow. Here, c(ρ) = √ p ρ denotes the local sound speed. The equation changes type across the sonic line given by
3. The numerical method. In order to solve (2.6) numerically, we write it in conservative form as In self-similar variables, the nonlinear wave system has the form of the unsteady equations (2.5) with modified flux functions and a lower-order source term.
The essential feature of the numerical method is the capability to locally refine the grid in the area of the apparent triple point. We designed several nonuniform, logically rectangular, finite volume grids so that a given incident shock is aligned with the grid in the far field; see Figure 1 . Specifically, each problem with a given incident shock angle has an associated fitted finite volume C-grid. Grid continuation is employed whereby partially converged numerical solutions are quadratically interpolated onto a refined grid. Inside a given box surrounding the triple point, uniform grid spacing is used. Outside of this box, the grid is exponentially stretched in both grid directions.
The basic finite volume scheme is quite standard. Each grid cell, Ω, is a quadrilateral, and using ν = (ν ξ , ν η ) to denote the normal vector to a typical side of Ω, numerical fluxes are designed to be consistent with
Since ξ varies, our numerical flux formulae evaluate ξ frozen at the midpoint of each cell side. We use two distinctly different numerical fluxes in our results presented below: a first-order Lax-Friedrichs numerical flux and a high-order variant of the Roe numerical flux. The Lax-Friedrichs flux is
where Λ > 0 is a scalar constant chosen to be larger than the fastest wave speed found on the computational domain. While the Lax-Friedrichs method yields only first-order accurate approximations, we regard it to be extremely robust. Our highorder Roe scheme is obtained from piecewise linear reconstruction with characteristic variable limiting, together with the Roe flux
, and R and L are the matrices of right and left eigenvectors to the Jacobian of F evaluated at the midpoint U Roe = 1 2 (U l + U r ). Below, we use the equation of state p = 1/2ρ 2 . Therefore, using the midpoint for evaluation yields an exact Roe average since in this case F is quadratic.
Time integration is accomplished by the forward Euler method for the LaxFriedrichs scheme:
For reasons of linear stability, we use the explicit trapezoidal rule to integrate the high-order Roe scheme, as follows:
3.1. The grid, initialization, and boundary conditions. We computed solutions of the half-space problem (2.1)-(2.3) in the finite computational domain shown schematically in Figure 1 . We use a nonuniform grid that has a locally refined area of uniform grid very close to the triple point, and is stretched exponentially away from the triple point toward the outer numerical boundaries and the wall. We impose reflecting boundary conditions, equivalent to the physical no-flow condition, on the wall AD. A standard first-order ghost cell implementation, with fictitious cells located to the left of the boundary AD, is given by
where the subscripts −1 and 0 indicate values at ghost cells and at the first real cell adjacent to the boundary, respectively. In our higher-order computations we used a second-order formulation of this boundary condition. In addition, we require numerical boundary conditions on the outer computational boundaries. In [3] expressions were given for the one-dimensional wave between U 0 and U 1 in the far field. The constant middle state U m = (ρ 0 , m m , n m ) between the contact discontinuity (the dotted line in Figure 1 ), located at ξ = κη, and the incident shock, located at ξ = κη + χ, is given by
On the outer numerical boundary ABCD, we impose Dirichlet data corresponding to the incident shock/contact discontinuity solution in (2.2), (2.3), (3.3). We find that
We impose (3.4) as a boundary condition for (3.1) on ABCD.
Numerical results.
We computed numerical solutions of (2.1)-(2. Figure 2 shows ρ-contour plots of the global solutions as a function of (x/t, y/t). From (2.4), increasing κ corresponds to decreasing the wedge angle that is modeled by our problem. Hence, the sequence of plots in Figure 2 (a)-(d) is a numerical representation of a series of shock reflection experiments in which the wedge angle is decreased, while holding the shock strength ρ 0 /ρ 1 constant.
The numerical solutions appear to show a simple Mach reflection, with three shocks meeting at a triple point. The Mach shock becomes longer and weaker as κ increases, and the strength of the reflected shock also decreases when κ increases. For a fixed value of κ, the strength of the Mach shock increases as it moves away from the triple point, reaching a maximum at the wall x = 0.
For the value κ = 1, we used local grid refinement to obtain a highly resolved solution in the neighborhood of the triple point. In Figure 3 Here, the width Δ(x/t) is a numerical estimate of the difference between the maximum value of x/t on the sonic line and the minimum value of x/t at the rear sonic point on the Mach shock. The height Δ(y/t) is an estimate of the difference between the value of y/t at the triple point and the minimum value of y/t at the rear sonic point on the Mach shock. The width of the supersonic region is approximately 5% of the length of the Mach shock. The expansion fan centered at the leading triple point can be clearly seen. Behind the leading triple point, there is a sequence of shocks and expansion fans. The thickening of the incident shock as it moves away from the triple point in Figure 3(a)-(c) is caused by the use of a stretched grid.
The area covered by the most refined uniform grid is indicated by the box contained in Figure 3(c) , and the figure caption gives the number of grid points in the most refined area of the grid. The box appears to be skewed because of the use of a C-grid. To illustrate the size and location of the refined uniform grid, in Figure 3(d) we plot ρ-contour lines over the entire numerical domain, for κ = 1. The refined grid area is too small to be visible in the main plot shown in Figure 3(d) . The inset figure shows an enlargement of the solution contained within the small rectangular box centered about the reflection point, as indicated. The solution shown in the inset figure also contains a small box centered at the reflection point, indicating the approximate size and location of the region shown in Figure 3(a)-(c) .
We found that, as in [13] , a certain minimum grid resolution was required to resolve the supersonic region behind the triple point. As we refined the grid beyond this minimum level, details of the flow field near the triple point became clearer. Figure 4 shows ρ-contours and the sonic line near the triple point for a sequence of solutions for κ = 1, using a Lax-Friedrichs numerical flux. The sequence was computed using successively refined grids, with each grid refined by a factor of two in x/t and y/t in relation to the previous grid. The resolution of the locally refined areas is indicated on the plots. In Figure 4(a)-(b) , the sonic line appears smooth. At the next level of refinement, shown in Figure 4 (c), there is a steepening of the contours at the rear of the patch, and an indication of a shock forming there. Further shocks appear in our highest resolution solution in Figure 3 . At resolutions lower than shown in the figure, the supersonic region disappears entirely.
There is a small discrepancy between the location of the triple point in these figures and the theoretical location of the incident shock, given in (3.3). The reason for the discrepancy is that the numerical boundary conditions did not give an incident shock that was of exactly constant strength and exactly straight in the (x/t, y/t) coordinates. However, the deviation of the numerical solution for the incident shock from the exact uniform solution was small. For example, in our numerical solution shown in Figure 3 , the numerically computed value of the y/t coordinate of the triple point differs by 0.1% from the theoretical value obtained from (3.3) using the numerically computed value of x/t, and the nonuniformity in ρ in the state behind the incident shock near the triple point is about 0.6%. We tried a number of different implementations of the numerical boundary conditions and computational mesh, but none of them gave an incident shock that was of exactly constant strength. Nevertheless, the presence of a supersonic patch did not depend on the particular implementation.
In the computation for κ = 1, we partially converged a solution on a coarse grid, resampled the data onto a refined grid, and repeated the process until the necessary resolution was obtained. Three consecutive intermediate solutions in this computation are shown in Figure 4 . Computations on less refined grids were made using a LaxFriedrichs numerical flux, and after partial convergence on the most refined grid we switched to the more expensive Roe method. Figure 5 shows ρ-contours for a solution made using a first-order Roe scheme. Further computation using a second-order Roe scheme yielded the final solution shown in Figure 3 . The solution on the final grid was evolved until no further change was observed in the details of the solution near the triple point. The solutions shown in Figures 4(c) , 5, and 3 were obtained on the same grid using different methods. All three of the solutions contain a small supersonic region behind the triple point. The solutions shown in Figures 5 and 3 , which are more highly resolved, contain a sequence of supersonic patches and triple points, which is better defined in Figure 3 .
In Figure 6 we plot closely spaced ρ-contours to give a detailed picture of the sequence of shocks and expansion waves in a Guderley Mach reflection for κ = 1. Each shock-expansion pair in the sequence is smaller and weaker than the one preceding it. Three reflected shocks appear to be visible in the plot. From the numerical data, their approximate strengths, beginning with the leading reflected shock, are given in Table 1 . The jump [ρ] in ρ across a reflected shock is measured near the point where the flow behind the shock is sonic. This point is very close to the corresponding triple point on the Mach shock, as shown in Figure 3 . 5. Discussion. These numerical results are remarkably similar to the computed solutions of the shock reflection problem for the unsteady transonic small disturbance equations in [13] . In both cases, a weak shock reflection in a parameter range where regular reflection is impossible results in a sequence, possibly infinite, of triple points and supersonic patches embedded in the subsonic flow behind the Mach and reflected shocks. The unsteady transonic small disturbance equations can be derived from the full Euler equations by a systematic asymptotic expansion, and are considered to give an adequate description of the physical flow near the shock interaction point for weak shocks and small wedge angles. The nonlinear wave system, however, is not a systematic reduction of the Euler equations, and it does not appear to have any immediate physical relevance. It is therefore noteworthy that the shock reflection problem for the nonlinear wave system has a solution that resembles the solutions in [13] , and is consistent with the experimental results in [12] .
The nonlinear wave system has a characteristic structure similar to the twodimensional Euler equations: nonlinear acoustic waves coupled (weakly) with linearly degenerate waves. The nonlinear wave system also respects the spatial (Euclidean) symmetries of gas dynamics, but not the space-time (Galilean) symmetry. In fact (see [10] ), they are essentially the simplest system one can construct with these symmetries. The existence of a Guderley Mach reflection solution for a system that is only loosely related to gas dynamics suggests that the behavior may be typical of equations with this characteristic structure, and is not restricted to equations that describe gas dynamic phenomena. We conjecture that a sequence of supersonic patches and triple points is a generic feature of two-dimensional Riemann problems for some class of hyperbolic systems of conservation laws. Possibly this class is characterized by "acoustic waves," as defined in [2] . It is possible that numerical solutions of the weak shock reflection problem for the full Euler equations will contain a sequence of supersonic patches as well.
An important feature of the numerical solution is the small size of the supersonic region. In our solution for κ = 1, the width of the supersonic patch is approximately 5% of the length of the Mach shock. This is somewhat larger than the supersonic regions in the solutions in [13] , which were obtained over a range of parameter values and varied in height from approximately 0.05% to 3% of the length of the Mach shock. Based on the dependence of patch size on wedge angle observed in [13] , we expect solutions for larger values of κ to contain even larger supersonic regions. However, the strength of the reflected shock near the triple point decreases as κ increases, making it very difficult to resolve numerically the details of the solution near the triple point. We have displayed a solution with κ = 1 because it offers a good compromise between the size of the supersonic region and the strength of the sequence of reflected shocks and expansions.
One of the scenarios proposed in [3] for resolving the triple point paradox in the nonlinear wave system is that the reflected shock have zero strength at the shock interaction point. In that case, there would be no triple point, and presumably no supersonic patch. We have obtained solutions, using different numerical schemes, which contain a supersonic region behind the triple point in a weak shock reflection. In these solutions, the reflected shocks have finite strength at the point where they collide with the Mach shock. Although we have not obtained numerical evidence of the zero strength reflected shock solution, we note that in the problem studied in [3] , it is assumed that κ is large enough that the incident shock intersects the sonic circle, equation (2.8) , corresponding to the state U 0 behind the shock. For shock reflection data with κ = 1, the incident shock does not intersect the sonic circle, so the partial solution presented in [3] is not available here. We also note, however, that in [13] , several solutions were obtained in a parameter range for which the incident shock does intersect the sonic line for the state behind the incident shock. All of these solutions contained a reflected shock of nonzero strength at the triple point, and a supersonic region. For the nonlinear wave system, since we have obtained a solution containing a supersonic region at only one set of parameter values, we do not know if Guderley Mach reflection occurs over the entire set of parameter values for which regular reflection is impossible, or if solutions at large enough values of κ contain a reflected shock with zero strength at the triple point.
Conclusion.
We have presented numerical evidence of a structure of reflected shocks and expansion waves, and a sequence of triple points and supersonic patches, in a small region behind the leading triple point in a shock reflection problem for the nonlinear wave system. This result is consistent with previous numerical solutions of a shock reflection problem for the unsteady transonic small disturbance equations, and with recent experimental results for weak shocks reflecting off thin wedges. We introduce the notation 
In fact, this quantity is less than zero unless
For a convex function p, this implies ρ 2 = ρ 1 , a degenerate case with only two distinct states. Thus, no solutions exist. Note that the proof did not require the three shocks to intersect in a point, and that therefore this is a somewhat stronger result than simply the nonexistence of triple points.
In a similar manner it is possible to show that, as in gas dynamics, a self-similar solution consisting of three shocks and a linear wave meeting at a point can be constructed. However, as mentioned in section 2, because of the invariance in time of the quantity (m y − n x ), the linear characteristic coordinate, a linear wave cannot be present in the solution unless it is present in the data. For the data given in (2.2), therefore, solutions containing a triple point with a linear wave cannot exist. The same triple point paradox occurs in gas dynamics, of course, where solutions containing a triple point with a contact discontinuity cannot occur for sufficiently weak shocks (see [7] for a discussion of this).
